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Plant-to-plant direct competition for belowground
resource in an overlapping depletion zone
Amit CHAKRABORTY1,2, BaiLian LI1,2*
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CA 92521-0124, USA;
2
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Abstract: In response to limited availability of soil resources in basal root zone, plant extends its
roots into nearby resource-rich zones to fulfill essential resource demands for survival and reproduction. This root proliferation into that enriched zones occupied by other plants constitutes interplant overlapping rooting zones and thereby the overlapping depletion zones, causing reduction in
resource uptake by neighboring plants. By incorporating this mechanism into the classic resource
competition model, we study interplant direct competition through their rooting system in an overlapping depletion zone. The model results indicate an extension of Tilman’s R* rule that has already
been proved true when plants compete indirectly through their effect on shared resources. The
results reveal that plant’s direct competitive ability (i.e., the ability to occupy an overlapping depletion zone by excluding others) can be characterized by its R*-value, where a best competitor having
lowest R*-value excludes others from an overlapping zone and occupies the zone by depleting the
resource level to the lowest as in its non-overlapping depletion zone. By analyzing the model, we
find a suite of traits that confers R* variation among directly competing plants. This suite of traits
would be a useful proxy measure for R* that do not necessarily require to establish equilibrium field
monoculture—a requirement for R* measurement in the field.
Keywords: resource capture efficiency, niche differentiation, root proliferation, resource depletion zone

1 Introduction
While plants compete for a limiting soil resource, how
a best competitor excludes others has proficiently
demonstrated by employing the concept of ‘local resource depletion zone’ within the framework of the
classic resource competition model (Huston and
DeAngelis, 1994). This model assumed that plants
compete indirectly through their effect on shared soil
resource. Plant’s resource uptake decreases the resource concentration in the immediate vicinity of the
rooting system (or basal root zone), therefore, creating
a local resource depletion zone around each plant;
variation in the rate of resource physical transport between these and the regional resource pool determines
the degree to which plants interact competitively. The
predictions of this model are actually based on the
concept of local interactions of individual plant with
their environment and indirect interactions between
plants through their differential effects on shared en-

vironment or resources. However, while soil resources
are heterogeneously distributed in space, this model
fails to describe interplant competition because in response to resource limitation in the basal rooting zone,
plants often proliferate their roots into that nearby resource-rich zones occupied by other plants, thus it
creates overlapping rooting zones and hence the
‘overlapping depletion zones’, causing a reduction in
resource uptake by neighboring plants (Robinson,
1991; Rubio et al., 2001). Although, prevalence of that
direct plant competition through plant’s root system is
widespread in arid or semiarid regions (Casper and
Jackson, 1997), relatively little is known about how
plants compete in an overlapping depletion zone
(however see Baldwin, 1976; Nye and Tinker, 1977).
This motivates us to look into the problem deeply,
emphasizing on plant competition in an overlapping
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depletion zone. Our model results indicate an extension of Tilman’s R* rule (Tilman, 1980, 1982) that has
already been proved true in indirect interplant competition.
While Tilman’s R*-value characterization of plant’s
competitive ability was operationalized into the indirect plant competition model, it revealed that a best
competitor having lowest R*-value excludes others at
a low rate of resource supply within the neighborhood
of interaction, a region, through the depletion of regional resource concentration to a lowest level at
which other plants cannot survive (Huston and DeAngelis, 1994). We do not use such characterization,
rather we show that the R*-value characterization of
plant’s direct competitive ability (i.e., the ability to
occupy an overlapping depletion zone by excluding
others) emerges as a result of direct plant competition,
where the best competitor having lowest R*-value
excludes others from an overlapping zone and occupies that zone by depleting the resource level to the
lowest as in its non-overlapping depletion zone. One
practical problem associated with the measurement of
R* is the establishment of equilibrium field monoculture. Because of that, we look for a suite of traits that
confers R*-variation among directly competing plants.
There may have several traits that can influence R*,
however, our model predicts one such set of plant
traits that confers R*-variation, and therefore this set
of traits would be a useful proxy measure for R* that
do not necessarily require to establish equilibrium
filed monoculture.

2 Background processes
Diffusion-mobile resources reach the root surface
when resource uptake exceeds the supply by mass
flow from regional resource pool, creating a local resource gradient. Supply of three major nutrients (N, P,
and K) almost always depends on diffusion (Casper
and Jackson, 1997). This resource gradient constituted
by an individual plant’s roots is known as ‘local resource depletion zone’; for convenience, we call it
‘non-overlapping depletion zone’. In response to limited availability of soil resources in local depletion
zone, plants proliferate their roots into nearby resource-rich zones, a well documented plastic response
of plant roots that facilitates resource capture by plants
(Jackson and Caldwell, 1989; Bilbrough and Caldwell,
1995; Robinson, 1996; Robinson et al., 1999). For
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example, Robinson et al. (1999) had shown that N
capture is associated strongly with root proliferation
during interspecific competition in infertile soils. An
individual plant can proliferate its roots into resource-rich zone that has already been occupied by
other plants, thus creating an overlapping rooting zone
and thereby the overlapping depletion zone (Rubio et
al., 2001). While incorporating this mechanism into
the classic resource competition model, plants directly
compete through their rooting system in an overlapping depletion zone. A constant rate of resource supply
and transport between these depletion zones and the
regional resource pool allows the competition to reach
at equilibrium in which plants differentiate their ‘spatial niches’－a soil space that allows a plant to live in
and sustain itself (Whittaker, 1975; Naselli-Flores et
al., 2003; Mizera and Meszena, 2003). Interestingly,
our model predicts this ‘spatial niche differentiation’
which is an essential equilibrium feature of spatial
competition theory (Tilman, 1994). We illustrate this
by showing equilibrial non-existence of overlapping
depletion zone i.e., at equilibrium, each overlapping
zone in the neighborhood of interaction will be occupied completely by the best competitor in that zone.

3 The model
Consider n number of individual plants, competing for
a single, limiting, diffusion-mobile, belowground resource in the region, Ω (neighborhood of interacting
plants). According to the basic process noted in the
previous section, plants proliferate their roots into
nearby resource-rich zones in response to limited
availability of that resource in basal root zone. Thus,
there exists some resource depletion zones accessed
by several plants by their rooting systems, these are
called ‘overlapping depletion zone’ in the region, Ω.
The depletion zone depleted by an individual plant
only is called ‘non-overlapping depletion zone’ in the
region, Ω. Our modeling assumption is that the each
plant has a single non-overlapping depletion zone
constituted by its roots. ‘Foraging’ response of an individual plant to limited availability of the resource in
basal root zone determines how many overlapping
depletion zones could be accessed by the plant, and
the magnitude of this response depends on resource
availability as well as on plant’s resource capture efficiency. The resource capture efficiency is a measure of
the ability of plant to transform acquired resources.
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This can be quantified by a ratio of available resource
in the basal rooting zone and the amount of uptaken
resource by the plant. In the first step toward the development of a mechanistic model, let us consider that
an individual plant i (i = 1, 2,K , n) does not have access to any overlapping depletion zones in the region,
Ω. Therefore, its maximum intrinsic growth rate is
limited by the available resource in non-overlapping
depletion zone. We relax this restriction in the second
step. The core modeling assumption for this is that
individual plant depletes the available resource in
overlapping and non-overlapping zones at the same
rate as the plant’s resource capture efficiency is remained constant across the depletion zones. The following equation describes the growth rate in terms of
biomass of plant- i (Grover, 1997):

⎞
dBi ⎛
ci
= ⎜ ri
− di ⎟ Bi
dt ⎝ ki + ci
⎠

( i = 1, 2,K , n ),

(1)

where Bi is the biomass of plant- i at time ‘ t ’, ci is
the amount of available resource in non-overlapping
depletion zone, ri is the maximum intrinsic growth rate,
ki is the half-saturation coefficient, and di is the death
rate. The Eq. (1) describes single resource-mediated
competition between n number of individual plants in
the region, Ω. In this case the competitive interactions
between plants are indirect because each plant acquires the resource from own ‘local resource depletion
zone’ which is non-overlapping (Huston and DeAngelis, 1994). We extend this indirect interplant competition to direct competition by overlapping their resource depletion zones. The resource capture efficiency of the plant- i is αi = ci/Ui, which is a constant
because of given constancy on yield coefficient that
describes the conversion of resource into biomass,
where Ui is the amount of uptaken resource by the
plant. We modify Eq. (1) by replacing ci by αiUi, it
gives:
⎞
dBi ⎛
Ui
= ⎜ ri
− di ⎟ Bi ( (i = 1, 2,K , n) ).
⎟
dt ⎜⎝ ( ki α i ) + U i
⎠

(2)

Withdrawing the restriction on plant- i , let us consider
that the plant has access to m number of overlapping
depletion zones denoted by the symbol, γj, having the
amount of resource, c% j ( j = 1, 2,K , m) , and also has
access to a non-overlapping depletion zone denoted by
the symbol, θi, having the amount of resource, ci,
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where ci ≠ c% j ; then the resource uptake, Ui can be
expressed by the following equation,

⎞
1⎛ m
(3)
⎜⎜ ∑ c% j + ci ⎟⎟ .
i
α i ⎝ j =1
γj
⎠
The rates of changes of available resource in overlapping and non-overlapping depletion zones are expressed by the following system of equations:
⎞
dci
1 ⎛ rU
i i Bi
= k (cR − ci ) + k ∑ (c% j − ci ) − ⎜
⎟
⎜
dt
yi ⎝ ( ki α i ) + U i ⎟⎠
γj
U i = ∑U i + U i θ =

for ( j = 1, 2,K , m) ,

(4)

s
s 1 ⎛ rU B
i i i
= k(cR − c% j ) + k ∑ ci − c% j − ∑ ⎜
dt
k
αi ) + U i
i =1
i =1 yi ⎜
(
i
⎝

dc% j

(

)

⎞
⎟⎟ ,
⎠
(5)

n
l
dcR
= I 0 − q0 cR + k ∑ ( ci − cR ) + k ∑ c% j − cR . (6)
dt
i =1
j =1

(

)

See Table 1 for parameter description in details, and
see Figure 1 for schematic description of this competition model.
Table 1

Parameter descriptions

Parameter

Description

Ω

Region, neighborhood of interacting plants

n

Number of plants in the region

i

Refers to individual plant of a particular species

t

time

Bi

Biomass of plant- i

Ui

The amount of resource uptaken by the plant

αi

Resource capture efficiency

ki

Half-saturation coefficient

ri

Maximum intrinsic growth rate (1/time)

di

Death rate (1/time)

γj

Overlapping depletion zone

θI

Non-overlapping depletion zone

c% j

Amount of available resource in non-overlapping depletion
zone
Amount of available resource in an overlapping depletion
zone

cR

Amount of available resource in the region

ci

k
yi
I0
q0
s
l

Resource diffusion coefficient in supply medium
(mass/time)
Yield coefficient describing conversion of resource from
depletion zone
Rate of resource input to the region through transport from
external sources (mass/time)
Flow rate coefficient for inflow and outflow of resource
through a supply medium (mass/time)
Refers to number of individual plants accessing resource
from an overlapping depletion zone
Refers to number of overlapping depletion zones in the
region
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Fig. 1 Schematic diagram of the plant-to-plant direct competition model, where θ1 and θ2 are the ‘non-overlapping depletion zones’ with
the available resource amount c1 and c2 respectively, γ is an ‘overlapping depletion zone’ with the amount of resource c% , k is the resource
diffusion coefficient in the supply medium, I0 is the resource supply rate, q0 is the flow rate coefficient in the supply medium, and Ω is the
region of interaction with the amount of resource cR.

Solutions of the equation-(2) are positive under the
physical assumption, ci (t ), c% j (t ) ≥ 0 for all t ≥ 0
(see Apendix-A). Therefore, the system formed by the
Eq. (2)－(6) is as “well-behaved” as one intuits from
the biological problem. The condition under which an
individual plant cannot survive in the region given the
upper threshold on resource uptake derived from the
Eq. (2) is given below (see Appendix-B),

di > ri or U i (t ) <

d i ( ki α i )

( ri − di )

with ri > di .

Finally, Eqs. (2)－(6) describe direct plant competition
in an overlapping depletion zone while the rate of resource physical transport between depletion zones and
regional resource pool is constant.

4 Direct plant competition
In this section, we explicitly describe direct plant
competition with the help of the model formulated in
the previous section. In the first part, we derive conditions under which a plant directly competes with other
plants. In the second part, we show that the plant with
the lowest ‘equilibrial resource requirement’ occupies
an overlapping depletion zone at competitive equilibrium. In the last part, we derive a suite of plant traits
that confers the variation in competitive ability among
all directly competing plants.
Consider a plant i, θi be its non-overlapping deple-

tion zone with the amount of resource ci(t)(<cR(t)) at
any given time ‘ t ’. For survival in the region, Ω, resource uptake, Ui(t) should satisfy the following condition,

U i (t ) ≥ U i =

1 ⎛ d i ki
⎜
α i ⎝ ri − di

⎞
⎟ and ri > di .
⎠

(7)

If, U i (t ) < U i i.e., the resource amount in θi is not
enough to fulfill its minimum resource requirement,
the plant proliferates its roots into a resource-rich zone.
If the plant i is able to access another non-overlapping
depletion zone say, θj, of an individual plant j such
that ci (t ) < c j (t ) < cR (t ) and U i (t ) θ + U i (t ) θ ≥ U i ,
i

j

then the plant i can be able to survive in the region. In
this situation, a portion of θj is accessed by the plant i
as well as by plant j through their roots and thereby
creating an overlapping rooting zone. The amounts of
uptaken resource by plant i and j from that portion
reduce the resource level and therefore a common resource depletion zone, γ j, is formed by the plant i and
j in which they compete directly through their rooting
system.
Consider an arbitrary overlapping depletion zone, γ
j, which has been accessed by n′ number of plants belong to the region, Ω. In this part, we show that there
exists a single plant i (i = 1, 2, … , n′) that completely
occupies the zone γ j at competitive equilibrium and
the equilibrium resource requirement, ci* , of the plant
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i is the minimum among all the directly competing
plants. Rearranging Eqs. (4), and (5) for some i = 1,
2, … , n′, and setting dci/dt=0 and dc% j dt = 0 respectively, we have:

(

)

(

)

k c*R − ci* + k (c%*j − ci* ) + k ∑ c%*p − ci* −
γp,

p≠ j

1
yi

* *
⎛ rU
⎞
i i Bi
⎜
⎟
⎜ (k α ) +U * ⎟
i ⎠
⎝ i i

resource requirement occupies an overlapping depletion zone by excluding all others at competitive equilibrium by depleting the resource to the minimum. The
equilibrium resource requirement, ci* , of plant- i , is
given below, which has been derived from the Eq. (2)
by setting dBi/dt=0 and α iU i* = ci* :
ci* =

= 0 , and
n′

k (c*R − c%*j ) + k (ci* − c%*j ) + k ∑ (c*p − c%*j ) −
p =1
p ≠i

1
yi

* *
⎛ rU
⎞ n′ 1
i i Bi
⎜
⎟−
*⎟ ∑
⎜
⎝ ( ki α i ) + U i ⎠ pp =≠1i y p

⎛ rpU *p B*p
⎜
*
⎜
⎝ kp α p +U p

(

)

⎞
⎟= 0,
⎟
⎠

where c*R is the regional resource amount at equilibrium, c%*j is the equilibrium resource level in the overlapping depletion zone, U i* is the equilibrial resource
uptake, Bi* is the biomass at competitive equilibrium,
and p is an index. The above noted equations are consistent if and only if ci* = c%*j , n′ = 0 (n′ ≠ i ) , and

γ p = 0 ; the first two conditions (i.e., ci* = c%*j ,
n′ = 0 (n′ ≠ i ) ) implies that the plant i occupies the

zone, γ j, by excluding all other competing plants by
depleting the resource level to the level of its
non-overlapping depletion zone; the last condition,
γ p = 0 , refers to that plant i does not have access to
any overlapping depletion zone at competitive equilibrium. Therefore, the analysis demonstrates the complete spatial niche differentiation at competitive equilibrium, where each individual plant occupies a distinct soil space that allows the plant to live in and sustain itself, and the plants do not directly compete in an
overlapping depletion zone because of separate space
occupancy by an individual plant. It should be noted
that, ci* , is the minimum of all c*j ' s ( j = 1, 2,K , n ') .
Otherwise, there exists some j such that c*j < ci* < c*R ;
under this condition as stated before, the plant j still
can acquire resource from the zone, γ j, i.e., the spatial
niche separation is not complete and plant i and j still
directly compete for resource in the zone. Therefore,
we conclude that the plant with minimum equilibrial

13

di ki
with ri > di .
ri − di

(8)

In this part, we show that there exists a suite of
traits that confers the variation in ci* among directly
competing plants. Let us consider the zone, γj, that has
been accessed by n′ number of individual plants belonging to the region, Ω, at any given time ‘ t ’. Plants
are arranged according to the number of overlapping
zones accessed by an individual plant, such that the
plant-1 acquires the resource from one overlapping
zone that is γ j other than one non-overlapping zone,
plant-2 acquires the resource from two overlapping
zones including γ j other than one non-overlapping
zone and so on. According to this hierarchical arrangement of plants, resource uptake of an individual
can be expressed as below,
1
U1 (t ) =
c1 (t ) + c% j (t ) ,

α1

U 2 (t ) =

M
U n′ (t ) =

(

1

α2

)

( c2 (t ) + c% j (t ) + a21 ) ,

1

α n′

( cn′ (t ) + c% j (t ) + an′1 + an′2 + K + an′l′ ) ,

where ci (t ) ( i = 1, 2,K , n′ ) are resource amounts in

non-overlapping depletion zones, c% j (t ) is the resource amount in γ j, and aij ( j = 1, 2,K, l ′; l ′ ≤ l ) are
resource amounts in overlapping zones except γ j.
From above all expressions, we have U1 (t ) < U 2 (t )
< K < U n′ (t ) for all positive t if,
c1 (t ) < c2 (t ) < K < cn′ (t ) and α1 > α 2 > K > α n′ . (9)

This hierarchical relation in resource uptake between
individual plants under the specified conditions holds
when dBi dt ≠ 0 because at equilibrium (i.e.,
dBi dt = 0 ) there will be no overlapping depletion

zones. If plants are able to maintain this hierarchical
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relation at equilibrium i.e., U1* < U 2* < K < U n*′ , it implies, c1* < c2* < K < cn*′ provided, α1 > α 2 > K > α n′ ,
where U i* = (1 α i ) ci* and ci*

( i = 1, 2,K , n′ ) is

given in equation-(8). It is noticeable that the hierarchical relation, i.e.,
U1* < U 2* < K < U n*' and α1 > α 2 > K > α n′ ,

(10)

confers the competitive ability at equilibrium, where
*

each plant is characterized by its ci -value which is
equivalent to Tilman’s R*-value in Monod type competition model (Tilman, 1980,1982).
The analysis reveals that the plant with higher resource capture efficiency and with lower resource uptake has lower

ci*

-value at competitive equilibrium

(condition (10)), where

ci*

characterizes the

equilibrial competitive ability. Before reaching at
competitive equilibrium, there exists a set of plant
traits that confers the variation in ci* -values among all
directly competing plants, that is, the plant, keeps
lower resource amount in non-overlapping depletion
zone, accesses less number of overlapping zones
within the neighborhood of interactions and having
higher resource capture efficiency is superior in direct
plant competition (condition (9)).

5 Conclusion
Competitively successful plants usually possess a suite
of correlated traits that enable them to perform better
relative to their neighboring competitor plants (Weiher
et al., 1999; Garnier et al., 2001). Systematic experimental research reveals several such traits; however, it
has remained inconclusive because plants do not display fixed foraging traits but those that are highly
plastic with changes in biotic and abiotic environments (Grime, 1979; Tilman, 1990). The present study
has contributed to this issue by predicting one such set
of plant traits which may help bridging this existing
gap between theoretical and experimental results. In
this study, we explored a simple mechanistic model
for plant-to-plant direct competitive interactions by
overlapping their resource depletion zones, a constant
rate of resource supply and transport between depletion zones and regional resource pool allows the competition to reach at competitive equilibrium at which
each plant occupies distinct soil space. The results
reveal that the plant keeps lower resource amount in
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its non-overlapping depletion zone, accesses less
number of overlapping zones within the neighborhood
of interactions, and having higher resource capture
efficiency is superior among all directly competing
plants in an overlapping depletion zone. At competitive equilibrium, the best competitor occupies the
overlap zone by excluding all others through the depletion of the resource to a lowest level as in its nonoverlapping depletion zone. Moreover, we showed
that plant’s direct competitive ability (i.e., the ability
to occupy an overlapping depletion zone) can be
characterized by its C*-value analogues to Tilman’s
R*-value characterization.
Acknowledgements
We highly appreciated Edith Allen and her group for some useful discussions on this subject. This research was partially supported by the U.S. National Science Foundation’s Biocomplexity Program (DEB-0421530), LTER Program (DEB0620482),
and the University of California Agricultural Experiment Station.

Appendix-A: Feasibility of the solutions of the competition system
Statement: Bi (t ) ≥ 0 for all, t ≥ 0 .
The physical assumptions of the model,
ci (t ), c% j (t ) ≥ 0 imply that U i (t ) ≥ 0 for all t ≥ 0 .
Solving equation-(2) gives,
⎡t ⎛
⎞ ⎤
U i (t )
− di ⎟ dt ⎥ ≥ 0,
Bi (t ) = Bi (0) exp ⎢ ∫ ⎜ ri
⎜
⎟
⎠ ⎦⎥
⎣⎢ 0 ⎝ ( ki α i ) + U i (t )
where Bi (t ) = Bi (0) ≥ 0

when t = 0 .

Appendix-B: Conditions for plant survival
Statement: Bi (t ) → 0 as t → ∞ if either ri < d i
1 ⎛ d i ki ⎞
⎜
⎟ with ri > di .
α i ⎝ ri − di ⎠
Rearranging equation-(2), we have,
dBi
< ( ri − di ) Bi
dt
or U i (t ) <

i.e., Bi (t ) < Bi (0) exp ⎡⎣( ri − di ) t ⎤⎦ for all t > 0 . Thus,
Bi (t ) → 0 as t → ∞ if, ri < di .

Next, let us assume that, ri > di ; and the rearrangement of equation-(2) gives,

( ri − di )
dBi
=
dt ( ki α i ) + U i

⎛
1 d i ki
⎜Ui −
⎜
α
i ( ri − d )i
⎝

⎞
⎟ Bi . (B1)
⎟
⎠
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Therefore, Bi′(t ) ≤ 0 if U i ≤

d i ki
for all t≥
α i ( ri − di )

1

0, where ‘′’ denotes differentiation with respect to t.
We used a well established lemma which is given
below:
Lemma: Let, x(t ) ∈C 2 [t0 , ∞ ) , x(t ) ≥ 0 , K > 0 . If
x′(t ) ≤ 0 and x′′(t ) ≥ − K > −∞ for all t ≥ t0 , then
x′(t ) → 0 as t → ∞ .

Existence of solutions of equation-(2) gives the guarantee of existence of Bi′′(t ) and the boundedness of
Bi′′(t ) follows from the fact that Bi (t ) is always

bounded which is the physical assumption of the
model.
1 di ki
Let us consider, U i (t ) <
and, di < ri
α i ( ri − d )i
for all, t ≥ 0. Our claim is, under this condition,
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Bi (t ) → 0 as t → ∞ . We established this result by

contradiction. If possible, let Bi (t ) = Bi* > 0 . With
lim t →∞

the help of above lemma we have from the equation-(B1),
⎛
1
0 = ( ri − di ) lim ⎜
t →∞ ⎜ ( ki α i ) + U i
⎝

⎞
⎛
1 d i ki ⎞ *
⎟⎟ lim ⎜⎜ U i −
⎟B
α i ( ri − di ) ⎟⎠ i
⎠ t →∞ ⎝

(B2)
This holds if,
⎛
1 d i ki ⎞
1 di ki
lim ⎜ U i −
⎟⎟ = 0 i.e., U i (t ) =
α i ( ri − di )
α i ( ri − di ) ⎠
⎝
for all t≥t0 for some t0 which contradict our consid1 d i ki
for all t≥0. Thereeration that U i (t ) <
α i ( ri − di )
t →∞ ⎜

fore, the expression-(B2) only holds, if, Bi* = 0 .
Hence the result follows.
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